General Relativitiy
Curvature

Curvature
Consider two families of curves filling space, such that each set are derived
by Lie dragging one set by means of the other v(\) and 4(u). This means
that the Lie derivative of one set of tangent vectors with respect to the other
is zero.

OE;/(;; = (1)
Now consider
DADVA= DDV = i (B 3) = VAO,A) = (V4 (3,0) = V(0.
—P,(RVA(u)) = V(,0)) = BVA(0,4) = V4(0,0)) (3)
— “1};30 ,ul)\((PAP#VA(u, A) — P,PAVA(u, \)) (4)

which is clearly linear in V4(0,0) in the limit.
Now,

D\D, VA — D,D\VA =P (VeVpVA = VpVeVA) + £,PVp VA (5)

Since the last term is zero, we have that (VcVpVA —VpVeVA4) is linear in
VA and is thus a tensor in that argument. We can thus write this as

(VeVpVA - VpVeVA) = R pV P (6)

RAgcp is the Riemann curvature tensor.
Thus the components are

ViV VP = 0,0,VF + 0u(v4 V') = T (QVE + T V™) + T (0, V! + T, V™) (7)

Antisymmetrizing over ij and using the symmetery of partial derivatives and
the symmetry of the I' we get
Rj; = O — o, + TL Ty —T% T (8)

lij im= jl Jgm~ il
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Meaning of curvature

That the Lie derivative of tangents to the two sets of curves are zero,
means that the curves close. Ie, If on travels a distance 0\ along the first
curve, and then Ay along the second, on gets to the same point as if one
travelled Ay along the second set first and then A\ along the the first. Now,
consider that one made V4 to be parallel to itself along each of the curves.
Ie, one made D;ambdaV4 = 0 along the curve starting at A = p = 0. and
ending at ;1 = 0, A # 0 The resulting vector will be parallel to V4(0, 0) along
~v. Then take that resultant Vector and parallel transport along the curve
7 to the point A, p from A, = 0. Now carry out the two transports in the
opposite order (ie along 4 first and then along v to the same final point. One
gets a vector which is parallel to V4(0,0). But it is not the same as the first
parallel vector. Instead the difference is proportional to R4 gcpVESASu for
small A\ and pu.

Since parallelism preserves lengths, both vectors have the same lenth, but
point in different directions. Thus, curvature preserves lenghts but creates
Lorentz transformations. Ie, the two vectors are Lorentz transformations of
each other.

Symmetries

It will be useful in what follows to look at normal coordinates. We have a
general coordinate system {z'}. Consider a point {z}} with tangent vectors
8;40 at that point. Let us assume that point p of interest has {z‘} all equal
to 0. Now in the immediate vicinity of the point define

ot =y =T (0)y/y" (9)

and let the metric tensor components in the y coordinates be designated by
glm(y) Then

gap = JmW)dLdyl = gij(x(y))da’ydals (10)
ozt 0"
= gij(x(y))aiyldy/;ayimdyg (11)
or (12)
B ox' 07
am(y) = gij(ﬂf(y))ayl dym (13)



Taking the limit as all the y go to 0, we have

' ;
o 9 (14)
o' ;
W = _FOnl ( 15)

Then at the point p, (all the coordinates x andy are 0) we have

OGim (y) 0gij(z(y)) Ox* Ox® Ox

oy B oxk  oym oyt oym (16)
O*xt Oxt oxt 0%xd
+9ij(x(y))wayﬁ + gij(z(y)) 0 gy (17)
- aglm(y) _ aglm o i o i
= o (0) = 52 (0) = ga(O)1%,(0) = gim (0)T7,(0) (18)
~ 0 (19)

Ie, in the y coordianates, all of the first partial derivatives of g;; are zero,
and thus the Christofel symbols in this coordinate system are 0.

Note that this also shows that the the Christofel symbols are not tensors
since if a tensor evaluated on its arguments in one coordinate system is zero,
then it is zero in all coordinate systems.

The Riemann tensor has a number of symmetries. Firstly it is clear from
the definition that

R4sep = —Rspe (20)

Since symmetries of components are symmetries of the tensor itself, we can
go into the above coordinate system where all the first derivatives of the
metric ( and thus all the I's) are zero. Then

Rijii = gimBR" j = gimOiLj; — O = Ok(gim (T — OLG;)  (21)
= 0k(0j91 — Oigij) + 01(0;91i — Oigi;) (22)

where I used that the derivative of the metric was zero, and defined

1
Lijk = gimLj. = 5(0;9ik + Orgij — 0igjk) (23)
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This gives
1
Rijkl = 5(314:33‘911 + 3@‘9@' - alajgz’k - akaiglj) (24)

This clearly satisfies

Riji = Rijik (25)
Rijri = Rjin (26)
Rijii = Ry (27)
Rijii + Rigij + Rijr = 0 (28)
That last symmetry can also be written as
Rijii + Ririj + Raje — (Rikji + Rijie + Riaxz) = 0 (29)

which is completely antisymmetric in the last three indices.

In 4-D spacetime, the first two state that for every ij, there are 6 indepen-
dent kl components, and similarly for ij for each kl. Then if we regard the
first two and last two indices as joint 6 dimensional indices, the symmetry of
interchange of these gives us (6x6-6)/246= 21 independent terms. The final
symmetry says that there is one additional constraints, leaving us with 20 in
total. (The last 3 indices must all be different and the fourth possible value
must be in the first place. But with the other symmetries one can always
put any of the 4 different indices into the first, i, place). Thus there are 20
total number of possible independent components.

Since RapcpV WBUCXP = Ry VIWIU*X!, if the components have
some symmetry (eg (RjuVWIU*X! = =R, VIWIU'X* in any coordinate
system for arbitrary vectors, then so does the tensor.

Bianci Indentities

The Riemann tensor components are of the form

Rijj = 00g + 0g0yg (30)
Then look at

VR = 000g + 00909 + YR (31)



We go to the coordinate system where dg and thus I" as well are all zero.
Then the only terms that survive are the d00g terms. Let us now insert the
actualindices.

Vi(Rjkim) = 0; ((010;gkm — OmOjgim (32)
—010kgjm + OkOmgiji) (33)

Now look at

Vi(Rjkim) + Vi Riitm + ViRijim
—(Vj(Ritim) + ViRyjim + Vi Rjim) (34)
which is the complete antisymetric permutation of i, j, k. Expanding R in
terms of the derivatives of g, one of the indices of g will be either [ or m That
means that two of 7, 7, k£ will be partial derivatives. But the commutators of
two ordinary partial derivatives is zero. Thus this expression will be zero.
This is the Bianci identity.

Since this is tensor symmetry, it will also be true for coordinates where
the I' are not zero. Thus

VaRpepe + VeRoape + VoRagpe = 0. (35)
Now we can contract this expression with ¢®” to get
VaRcg + VBRCABE —VecRag =0 (36)

Finally, contracting with ¢“% we get

ViR —2VER®, =0 (37)
or
Ve(-GP4) =0 (38)
where
Rgp = g"“Rapep = R pap (39)
R = ggpR"" (40)
Gap = Bap — ;QAB (41)



This tensor G 4p is called the Einstein tensor and it is conserved.
Note that another tensor which is useful is the completely trace free cur-
vature.

1
Capcp = Rapep — §(RAC§]BD — Rap gc — Rpc 9ap + Rep gac i2)

—éR(gAc 9D — gap gBC) (43)
which is trace-free. (¢4°Capcp = 0). (Recall that 0! = 4)

This is called the Weyl tensor, and also has the property that if gap =
Q%gap, then the Weyl tensor Cé,p, for the confomally transformed metric
Gap is the same as for the original tensor C*pcp defined for gap . Note
that Cypcp is zero for all dimensions less than 4.(the symmetry demands
that all of the component indices must be different from each other, and
that requires are lest 4 different indices) In three dimensions, Rapcp can be
written in terms of R4p and in two dimensions both Rigcp and Rap can
be written in terms of R and the metric alone.

Linearized curvature

Let us write in some coordinate system that

9ij = Mij + hij (44)

where the 7;; are assumed to be constants in spacetime, and h;; are assumed
all to be small, so we will keep only terms to first order in the various h;;.
Then

g7 = — iy, (45)
as can be seen by
80 = g% gy = 0"y + 0 by — 0 b ™y + O(K?) = 'Fng; = 61 (46)

In the curvature, all of the terms that go like I'T" will be second order in A
since Fijk is written in terms of derivatives of the h and thus is first order in
h, and products would be second order.

Also gimOp '} = OkL'yj k-+O(h?) and thus the linearized curvature to lowest
order in h is the same as the above curvture in Riemann normal coordinates

1
Riji = 5(8kajhilalaihjk — Ok0;hj; — 0,0;hix;) (47)
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The Ricci curvature is
1 " i
Rjk = 5(8kajh + Dh,‘j — 8k8277 lhlj — ajaﬂ] lhlk) (48)

where h = 7" h; and O = 17 9;0;
If we write h;; = hi; — %hnij, then we have

1 - _ _
Gij = §Dhij — (?i@mlkhkj — 8j6m”“hli) (49)

If n;; is the Minkowski metric, then O is like a wave equation, and the other
two terms are divergences of vectors. . Since the small metric changes if one
performs coordinate transformations, this gives us hope that perhaps those
divergences can be set to zero, and the then G;; is just a wave equation.
(This is similar to electromagmetism, where the equation for A?, the vector
potential, is of the form

0A" — n0;0, A% = J* (50)

and the second term can be eliminated via a guage transformation.

The linearized equations for gravity were discoverd by Einstein in 1916,
and represent waves of metric changes which travel at the speed of light.

There were arguments until the 1970’s as to whether or not gravitational
waves were real, or whether they could always be eliminated by coordinated
transformation.
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