General Relativitiy
Curvature

Curvature
Consider two families of curves filling space, such that each set are derived
by Lie dragging one set by means of the other v(\) and 4(u). This means
that the Lie derivative of one set of tangent vectors with respect to the other
is zero.
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Now consider
1
D\D,VA = D,D\VA = lim E[PA(PMVA(M, A) = VA0,X) — (P.V*(u,0) — V4(0,0))
L A—>

—Pu(P\VA(uA) = V(1,0)) = PAVA(0, 1) — V4(0,0))]

o1 A A
- ,ug\g(] ﬁ((PAPuV (:ua )‘) - P,uPAV (,ua )‘))
which is clearly linear in V4(0,0) in the limit.
Now,
D\D, VA — D,D\VA =P (VoVpVA = VpVeVA) + £,6PVpV4A (3)

Since the last term is zero, we have that (VoVpV4 —VpVeVA4) is linear in
V4 and is thus a tensor in that argument. We can thus write this as

(VeVpVA = VpVeVA) = RpepV? (4)

RAg5cp is the Riemann curvature tensor.
Thus the components are

V.V, VE = 9,0,VF 4+ (9T ,)VH) +T%,0,V!
—T0VE + 10,V — 1™k VE+ TR DV (5)

Antisymmetrizing over ij and using the symmetery of partial derivatives and
the symmetry of the I' we get that all the derivatives of V cancel, and are
left with

Ry = 0%y — ;1% + 1%, ™5 — 7, Ty (6)
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Recalling that

argkm = Fkrm + Fmrk

1
Fkrm = 5 (argkm + 8mgkr - aerm) (7>

Collecting terms we get

1
Ryi; = 3 (0:019jk + 0;0kgi — 0iOkgj — 0;01gik)
+0;gkmI™ j1 — 0 gkm G
N e T ) R (8)

We could reexpress the second line in terms of the I' or in term of derivatives
of the metric. In either case it would be even messier.
Meaning of curvature

That the Lie derivative of tangents to the two sets of curves are zero,
means that the curves close. Ie, If on travels a distance d\ along the first
curve, and then Ap along the second, on gets to the same point as if one
travelled Ay along the second set first and then A\ along the the first.

Now, consider that one made V4 to be parallel to itself along each of the
curves. Ie, one made D\V4 = 0 along the curve starting at A = u = 0. and
ending at = 0, A # 0 The resulting vector will be parallel to V4(0,0) along
v. Then take that resultant Vector and parallel transport along the curve
7 to the point A, from A\, = 0. Now carry out the two transports in the
opposite order (ie along 4 first and then along v to the same final point. One
gets a vector which is parallel to V4(0,0). But it is not the same as the first
parallel vector. Instead the difference is proportional to R4 gcpVEnAEP NS
for small A and pu.

Since parallelism preserves lengths, both vectors have the same lenth, but
point in different directions. Thus, curvature preserves lenghts but creates
Lorentz transformations. Ie, the two vectors are Lorentz transformations of
each other.

Symmetries

It will be useful in what follows to look at normal coordinates. We have a
general coordinate system {z'}. Consider a point {z}} with tangent vectors
8;40 at that point. Let us assume that point p of interest has {z'} all equal
to 0. Now in the immediate vicinity of the point define

ot =y =T (0)yy" 9)
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and let the metric tensor components in the y coordinates be designated by
Gim(y) where the ~desinates components in the y coordinates. Then

gag = Gm(y)dydyy = gij(z(y))da' dad

oxt . O
= i —d ?
g](‘r(y)) ayl Ya aym

or

dyg

Iny) = 95(e0) 55 (10)

Taking the limit as all the y go to 0, we have
oyt

0%z
oy oy

— 5;'
= —FOiu (11)

Then at the point p, (where all the coordinates x and y are 0) we have

OGim () 9gii(z(y)) 0z Ox® Ox

oy oxk Oy yt dy™
D*xt O ozt 0%a’
0y gy 90 Gy
OGim OGim . .
=0 (12)

Ie, in the y coordianates, all of the first partial derivatives of g;; are zero,
and thus the Christofel symbols in this coordinate system are 0 at the point
p- The y coordinates are called Riemann normal coordinates.

Note that this also shows that the the Christofel symbols are not tensors
since if a tensor evaluated on its arguments in one coordinate system is zero,
then it is zero in all coordinate systems.

The Riemann tensor has a number of symmetries. Firstly it is clear from
the definition that

R%sep = —Rspe (13)

Since symmetries of components are symmetries of the tensor itself, we can
go into the above coordinate system where all the first derivatives of the
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metric (and thus all the I's) are zero. Then

Rijii = gimBR" 0 = gimOcl™ i — O™ jio = Ok (gim (L™ jt — O™ i)
= Ok(9591: — Oigij) + 01(Ojgri — Oigr;j) (14)

where I used that the derivative of the metric was zero, and defined
1
Lijk = gimI ™ j& = 5(3]'9% + Okgij — 0i9k) (15)
This gives
1
Rij = 5(3kajgiz + 010;gxj — 019;9ir. — Or0ig15) (16)

This clearly satisfies

Rijii = Rijix
Rijui = Rjinl
Rijii = Ry
Rijii + Rigj + R = 0 (17)

That last symmetry can also be written as
Rijii + Ririj + Rajr — (Rigji + Rijie + Riaxz) = 0 (18)

which is completely antisymmetric in the last three indices.

In 4-D spacetime, the first two index symmetries state that for every ij,
there are 6 independent kl components, and similarly for ij for each kl. Then
if we regard the first two and last two indices as joint 6 dimensional indices,
the symmetry of interchange of these gives us (6x6-6)/2+6= 21 independent
terms. The final symmetry says that there is one additional constraints,
leaving us with 20 in total. (The last 3 indices must all be different and
the fourth possible value must be in the first place. But with the other
symmetries one can always put any of the 4 different indices into the first, 7,
place). Thus there are 20 total number of possible independent components.

Since RapcpVWBUCXP = RijleinUle, if the components have
some symmetry (eg (RijuV WIU*X! = — Ry, VWIU'X*¥ in any coordinate
system for arbitrary vectors, then so does the tensor.

Bianci Indentities



The Riemann tensor components are of the form
Rij = 00g + 0g0yg (19)
Then look at
VR = 000g + 00909 + 'R (20)

. where I have supressed the indices.

We go to the Riemann normal coordinate system where dg and thus I'
are all zero at the point of interest.. Then the only terms that survive are
the 000g terms. Let us now insert the actual indices.

Vi(Rjkim) = 0; ((010;gkm — Om0;gii
—010kgjm + OkOmgiji) (21)
Now look at
Vi(Rjkim) + ViRiitm + ViRijim
—(Vi(Rikim) + ViRijim + ViRjim) (22)

which is the complete antisymetric permutation of i, j, k. Expanding R in
terms of the derivatives of g, one of the indices of g will be either [ or m That
means that two of 7, 7, k will be partial derivatives. But the commutators of
two ordinary partial derivatives is zero. Thus this expression will be zero.
This is the Bianci identity.

Since this is tensor symmetry, it will also be true for coordinates where
the I are not zero. Thus

VaRpepe +VeRoapr + VeRappe = 0. (23)

Now we can contract this expression with g?” and recalling that V 4gpc = 0
to get

VARCE—l-vBRCABE—VcRAE =0 (24)
Finally, contracting with ¢“% we get

ViR —2VERE, =0 (25)



or
V(=GP 4) =0 (26)
where

AC A
Rpp = 9"~ Rapcp = R pap

R=¢°PRBD
1
Gap = Rap — 2948 (27)

This tensor G 45 is called the Einstein tensor and it is conserved. (A tensor
is conserved if the trace with respect to any of the indices of the tensor is
zero. )

Note that another tensor which is useful is the completely trace free cur-
vature.

Capcp = Rapep
1
_i(RACgBD — Rap 9sc — Rpc 9ap + Rep 9ac))
1
_ER(QAC 9dBD — gAD QBC) (28)

which is trace-free. (¢2°Capcp = 0). (Recall that 0! = 4)

This is called the Weyl tensor, and also has the property that if gag =
Q%g4p, then the Weyl tensor Ci,p, for the confomally transformed metric
Gap is the same as for the original tensor C4zcp defined for gap (Note
that this is true only if one of the indicees is up and the others down. The
tensor with two or more raised indices is not the same for the conformally
transformed metric as for the original. . Note that Cspcp is zero for all
dimensions less than 4.(The symmetries demands that all of the component
indices must be different from each other, and that requires are lest 4 different
indices) In three dimensions, R4pcp can be written in terms of R4p and in
two dimensions both Rapcp and Rap can be written in terms of R and the
metric alone.

Linearized curvature

Let us write in some coordinate system that

9ij = Mij + hij (29)



where the 7;; are assumed to be constants in spacetime, and h;; are assumed
all to be small, so we will keep only terms to first order in the various h;;.
Then

g7 =n" —n*n'hy (30)
as can be seen by
80 = g% gry = 0"y + 0 hiy — 0 i ™y + O(W?) = 'Fn; = 68 (31)

In the curvature, all of the terms that go like I'T" will be second order in A
since Fijk is written in terms of derivatives of the h and thus is first order in
h, and products would be second order.

Also gimOkI™j = Ol + O(h?) and thus the linearized curvature to
lowest order in A is the same as the above curvture in Riemann normal
coordinates

1
Riju = 5(3@]"%‘1 + 0,0;hji — Ok0;hji — 010 hix;) (32)
The Ricci curvature is
1 -4 7
Rjk = 5 (8ka]h -+ thj — 8k8277 lhlj — E)jc“)m lhm) (33)

where h = 7" h; and O = 17 9;0;
If we write h;; = hi; — %hmj, then we have

1 _ _ _
*th‘j — a,'aﬂ?lkhkj — ajaﬂ]lkhli) (34)

Gij:2

If 7;; is the Minkowski metric, then O is like a wave equation, and the other
two terms are divergences of tensors. Since the small metric changes if one
performs coordinate transformations, this gives us hope that perhaps those
divergences can be set to zero, and the then Gj; is just a wave equation.
(This is similar to electromagmetism, where the equation for A?, the vector
potential, is of the form

OA" — n0;0, A" = J' (35)

and the second term can be eliminated via a guage transformation.
The linearized equations for gravity were discovered by Einstein in 1915,
and represent waves of metric changes which travel at the speed of light (as he
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published in 1916). His calculations in 1915 (bending of light and perihelion
of Mercury) were done using the linearized theory.

There were arguments until the 1970’s as to whether or not gravitational
waves were real, or whether they could always be eliminated by coordinate
transformation “Do they travel at the speed of thought” as one physicist
stated. It was only in the 1970s that the argument died out in the face of
both theoretical and experimental (the change in orbit of a binary pulsar
which was just what General Relativity said) work.
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