
Physics 407-07
Equations

0.1 Vectors

Tangent vector V A to a curve γ(λ) is V A = ∂A
γ Cotangent vector WB to a

function WB = dfB
Product

V AWA =
df(γ(λ)

dλ
(1)

Coordinates: / set of D functions xi(p) such that xi(p) values uniquely spec-
ifies a point p, and such that xj(p) = consts; j 6= i is a differntiable curve.

xj(γ(λ)) = const(j 6= i), (2)

xi(γ(λ) = λ (3)

ith coordinate axis
Components:

V A = V i∂A
xi (4)

WB = Wjdx
j
B (5)

Compoents are real numbers

V AWA = V iWi (6)

If xi and x̃iare two coordinate systems

Ṽ i =
∂x̃i

∂xj
V j (7)

W̃j =
∂xk

∂x̃k
Wk (8)
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xi(x̃j(xk)) = δikx
k (9)

δ
j
l

∂xi({̃xj({xk})})

xl
= δil (10)

V iWi =
∂xi

∂x̃j
Ṽ j ∂x̃

k

∂xi
W̃k (11)

=
∂xi

∂x̃j

∂x̃k

∂xi
V jWk = Ṽ kW̃k (12)

f({xi}) is a function of the set of coordinates {xi} Ie, this means the set
of coordinates with i going from 0-3 or 1-4 This will often be written as f(xi)
where this does not mean some specific value of i, but the whole set. (ie the
{..} is not explicitly written.

xi = xi({x̃j({xk}}) (13)

δik = ∂xkxi = ∂x̃jxi({x̃j({xj}})∂xk x̃j({xk}) (14)

by the chain rule.

V A = V i∂A
i = V i∂ix̃

j∂A
j̃

(15)

V i = ∂j̃x
iṼ j (16)

Also

V AWA = V iWj∂
A
i d

A
j = V iWi = Ṽ jW̃j (17)

V AWA = ∂k̃x
iṼ kWi (18)

for all V A and thus we must have

W̃j = ∂tildexjxiWi (19)

Similarly in a tensor, each upper index transforms like tangent vecor while
each lower index transforms like cotangent vector.

Linearized transformation.
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x̃j = xj + ζj({xk}) (20)

xj = x̃j − ζj({xk}) = x̃j − ζj({x̃k − x̃j − ζj({xk}) ≈ x̃j − ζj({x̃k} (21)

where ζ is a small function and thus the last term in the funtion is of higher
order in ζ. (This also implies that the derivatives of ζ are all small).

Thus if

gij = ηij + hij (22)

where ηij is of order 1 while hij is small then

g̃ij = gkl∂ĩx
k∂j̃x

l (23)

≈ (ηkl + hkl)(δ
k
i + ∂iζ

k)(δlj + ∂jζ
l)) (24)

≈ ηij + hij + ∂iζ
kηkl + ∂jζ

lηli (25)

Since gijg
jk = δki so

gil = ηil − hil = ηil − ηijhjkηkl (26)

Note, raising and lowering of indices for an expression contaning h of ζ are
done with η.
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